This is the second part of a series of papers concerning Morse quasiflats -higher dimensional analogs of Morse quasigeodesics. Our focus here is on their asymptotic structure. In metric spaces with convex geodesic bicombings, we prove asymptotic conicality, uniqueness of tangent cones at infinity and Euclidean volume growth rigidity. Moreover, we provide some first applications.
Introduction
1.1. Overview. This is the second part in a series of papers dedicated to Morse quasiflats. The first paper was primarily concerned with examining different alternative definitions, proving their equivalence and quasi-isometry invariance. Our objective in this paper is to establish Date: March 23, 2020. The first author thanks Max-Planck Institute for mathematics at Bonn, where part of work was done. The second author was supported by NSF grant DMS-1711556 and a Simons Collaboration grant a NSF grant DMS-1405899 and a Simons Fellowship. The third author was supported by DFG grant SPP 2026. asymptotic structural results for Morse quasiflats, including "asymptotic conicality" and uniqueness of tangent cones at infinity. We refer the reader to the first paper [HKS20] for background and motivation, as well as a discussion of related work. The main argument here uses several results from the first paper, but it may be read independently if the reader is willing to take these ingredients for granted.
Every quasigeodesic in a Gromov hyperbolic space is at bounded Hausdorff distance from a geodesic. Similar results hold for Morse quasi-geodesics [CS14, Cor17] in an appropriate context. In [KL18] it was shown that a top rank quasiflat in a space with a convex geodesic bicombing is asymptotically conical in the sense that it is sub-linearly close to a geodesic cone and has a well-defined Tits boundary at infinity. Here we generalize both results to the context of Morse quasiflats.
Before stating our results, we comment on some aspects of asymptotic geometry which provide a large part of our motivation.
For a space or a group X satisfying some weak form of non-positive curvature, there is typically a space Σ X encoding the asymptotic incidence information provided by certain collections of flats or abelian subgroups in X. This plays a fundamental role in the understanding of the geometry of X. Some well-known examples are:
(1) When X is Gromov hyperbolic, Σ X is the Gromov boundary.
(2) When X is a symmetric space of non-compact type or a Euclidean building, Σ X is the Tits boundary. (3) When X is a mapping class group, Σ X is the curve complex.
In all these examples, Σ X concerns only top rank flats and their coarse intersections. However, in general, one cannot expect that the essential geometric features of X are encoded in its top rank flats/quasiflats. For many other natural examples (e.g. Coxeter groups, Artin groups or some cubical groups), the definition of Σ X necessarily involves flats (or abelian subgroups) which do not have top rank, in order to avoid substantial loss of information [KK14, MW19, DH17] . This naturally leads to the study of Morse quasiflats.
In examples (1)-(3) above, Σ X serves as a fundamental invariant in the study of quasi-isometric rigidity; a major step in proving the quasi-isometry invariance of Σ X is to understand the structure of top dimensional quasiflats [Gro87, KL97, EF97, Ham05, BKMM12, Bow17, BHS17] . Analogously, in more general situations one would start with an analysis of Morse quasiflats. The asymptotic conicality makes Morse quasiflats an accessible quasi-isometry invariant. We provide some first applications and expect this will lead to new rigidity results.
It is worth noting that lower dimensional quasiflats/flats have been studied earlier in different contexts, including relative hyperbolic spaces [HK05, BDM09] , quasi-isometric rigidity of right-angled Artin groups and hierarchically hyperbolic spaces [Hua17a, BHS17] . The lower dimensional quasiflats studied in these cases are specific examples of Morse quasiflats, which is another motivation for us to search for general structural results for Morse quasiflats. This paper has some overlap with a recent paper on quasiminimizers by Urs Lang and the second author [KL18] . However, the scope of that paper is rather different, since it aims to exhibit hyperbolic properties of maximal rank quasiminimizers; on the one hand it is more general than the setup here because it considers quasiminimizers instead of quasiflats, while on the other hand the results in [KL18] do not apply to quasiflats of lower rank. The proofs are quite different; see Section 1.5 for more on this.
1.2. Statement of results. For simplicity, we will state the results for CAT(0) spaces. However, the results below are actually proved in the more general setting of spaces with a convex geodesic bicombing (see Definition 2.1), which includes Busemann convex spaces and injective metric spaces.
We refer to Definition 4.2 and Definition 6.8 for the notion of Morse quasiflats and pointed Morse quasiflats. A simple example to have in mind is a copy of Z 3 in Z 3 * Z 2 Z 4 . More interesting examples can be found in [HKS20, Section 1.6]. Our notion of Morse quasiflat should not be confused with a quasiflat which is a "Morse subset" in the sense of [Gen17] -our main theorem is an easy exercise for such quasiflats.
For a base point p in a CAT(0) space X and a subset A ⊂ X, we denote the closure of the union of all geodesics from p to a point in A by C p (A). In the following we will refer to a function δ :
Denote by ∂ ∞ X the ideal boundary of X. Then the ideal boundary of A is the subset ∂ ∞ A ⊂ ∂ ∞ X of limit points of A (with respect to cone topology). Let ∂ T X be the Tits boundary of X.
Our main result shows that a Morse quasiflat has sublinear Hausdorff distance from the cone over a subset of the Tits boundary.
Theorem 1.1 (Asymptotic conicality). If Q is an n-dimensional Morse (L, A)-quasiflat in a proper CAT(0) space X, then there is a subset ∂ T Q ⊂ ∂ T X with the following property.
For every basepoint p ∈ X, there exists a sublinear function δ : [0, ∞) → [0, ∞), depending only on L, A, n, d(p, Q), X and the Morse data of Q such that for all R ≥ r we have
Moreover:
(1) the Euclidean cone over ∂ T Q is bilipschitz homeomorphic to E n (here ∂ T Q is given the induced metric from ∂ T X); (2) ∂ T Q is the support set of an immovable class (see Definition 6.13) inH n−1 (∂ T X);
Theorem 1.1 is a combination of Corollary 6.11, Lemma 6.9 and Proposition 6.14. Theorem 1.1 is actually proved in the weaker setting of pointed Morse quasiflats (Definition 6.8). We refer to Theorem 6.1 for an alternative description of asymptotic conicality of Q without referring to ∂ T Q.
Remark 1.3. The phenomenon exhibited in Theorem 1.1 goes back to the notion of "visibility" by Eberlein and O'Neill [EO73] . We refer to the paragraph before [KL18, Theorem 1.5] for an explanation.
Remark 1.4. Theorem 1.1 is sharp for pointed Morse quasiflats in the sense that there are simple examples of pointed Morse quasiflats which are not at finite Hausdorff distance from their Tits cones. However, it is not clear whether this can happen for Morse quasiflats. In fact, as we will see later, Morse quasiflats in CAT(0) cube complexes are actually at finite Hausdorff distance from their Tits cones.
We also provide uniqueness and rigidity results.
Theorem 1.5 (Theorem 6.12). Suppose X is a proper CAT(0) space, and Q 1 , Q 2 ⊂ X are Morse quasiflats. Then there exists a positive constant C, depending only on X, dim Q 1 , the quasi-isometry constants of Q 1 and the Morse data of Q 1 , such that
Theorem 1.6 (Theorem 7.4). Let X be a proper CAT(0) space. Let Q ⊂ X be an n-dimensional Morse quasiflat. Suppose that the volume growth of Q is at most Euclidean, then there exists an n-flat F ⊂ X such that d H (F, Q) < C where C depends only on n, X and the Morse data of Q.
1.3. Applications. Theorem 1.1 and Theorem 1.5 reduce the study of Morse quasiflats to the study of certain cycles in the Tits boundary. Once the structure of these cycles is understood, one obtains structural results of Morse quasiflats in the space. For example, results on quasiflats in symmetric spaces and Euclidean buildings [KL97, EF97] can be recovered in this way (see [KL18] ). The same scheme applies to CAT(0) cube complexes, where there are typically plenty of Morse quasiflats which are neither 1-dimensional nor of top rank. A structural result on immovable cycles in the Tits boundary was proved in [Hua, Theorem 1.4] 1 . This together with Theorem 1.1 and Theorem 1.5 implies the following.
O i are sub-linearly close in the sense of Theorem 1.1 (1).
Moreover, in each of the above cases, the CAT(0) orthants are at finite Hausdorff distance from some ℓ 1 -orthants.
We recall that an ℓ 1 -orthant in a CAT(0)-cube complex is a subcomplex isometric by a cubical isomorphism to a standard Euclidean orthant equipped with the ℓ 1 -distance. The top rank case of Theorem 1.7 follows from results on top rank quasiflats in [Bow19] . We expect that the work in [Bow19, BHS17] can be adapted to handle Morse quasiflats in coarse median spaces and hierarchically hyperbolic spaces.
Combining Theorem 1.7 with the argument in [Hua17b, Section 5], we obtain the following Morse lemma for Morse flats, which can be viewed as a higher dimensional analogue of the quasi-isometric invariance of geodesics in Gromov-hyperbolic spaces.
Theorem 1.9. Let X 1 and X 2 be universal covers of compact special cube complexes. If q : X 1 → X 2 is an (L, A)-quasi-isometry, then for any Morse flat F 1 ⊂ X 1 , there exists a Morse flat F 2 ⊂ X 2 such that d H (q(F 1 ), F 2 ) < C where C < ∞ depends only on X 1 , X 2 , L, A and the Morse data of F 1 .
Under the assumption of Theorem 1.9, X i has plenty of Morse flats -they arise from certain highest abelian subgroups [HKS20] . These abelian subgroups can be described concretely in terms of the combinatorics of X i . Thus Theorem 1.9 gives handy quasi-isometry invariants for fundamental groups of compact special cube complexes.
The top dimensional case of Theorem 1.9 was obtained in [Hua17b] , and the top rank case of Theorem 1.9 follows from [BHS17] and [Hua17b, Section 5]. These special cases were effective in proving certain quasiisometric rigidity results [Hua17a] . However, Theorem 1.9 provides a stronger quasi-isometry invariant which is potentially useful for more general situations.
We conjecture that the above discussion holds true in the context of Davis complexes of Coxeter groups, which is another instance where there are plenty of interesting Morse quasiflats.
Conjecture 1.10. Morse quasiflats in the Davis complexes of Coxeter groups are at finite Hausdorff distance from a union of CAT(0) orthants in the sense of Theorem 1.7. Moreover, Theorem 1.9 holds when X and Y are the Davis complexes of some Coxeter groups.
Another potentially interesting case is provided by Artin groups of type FC. They act geometrically on injective metric spaces [HO19], hence Theorem 1.1 and Theorem 1.5 apply. Moreover, they contain plenty of Morse quasiflats. It is necessary to control the behavior of these quasiflats for understanding their quasi-isometric rigidity, and it is less likely that one can handle this point by only controlling top rank quasiflats and using an ad-hoc argument to control Morse quasiflats as in [Hua17a] .
1.4. Structure of the paper. Section 2 -Section 4 are preparatory in nature. In Section 2 we discuss some background on metric spaces and metric currents and agree on notation. In Section 3 we prove some properties of quasiflats specific to metric spaces with convex geodesic bicombings, including the representability by Lipschitz quasiflats and the existence of Lipschitz retractions.
In Section 4, we give a definition of Morse quasiflats and recall one of their essential features, the "coarse neck property". Section 5 concerns "neck decompositions" which provide quantitative control on chains close to Morse quasiflats. These decompositions are the main tool for the remaining sections.
In Section 6 we prove our main structural results: asymptotic conicality, visibility and uniqueness of tangent cones at infinity for Morse quasiflats. In Section 7, we prove a rigidity result for Morse quasiflats with Euclidean mass growth.
1.5. Informal discussion of the proof of Theorem 1.1. The main ingredient in the proof of Theorem 1.1 is Theorem 6.2. Thus we will only indicate the ideas behind Theorem 6.2. The proof involves a downward induction on scales inspired by [KL18, Proposition 4.5]. However, the argument in [KL18] breaks down in our setting, as it relies on a global rank assumption on X not valid in our case.
Let Q be a Morse quasiflat in a CAT(0) space X. Choose a basepoint p ∈ X, and let C p (σ) denote the geodesic cone based at p over a sphere σ ⊂ Q of very large radius r 0 . Denote by σ t and S t the slice of C p (σ) respectively Q at distance t from p. Let T r = C p (σ r ) and Q r = Q ∩ B p (r).
Choose ǫ > 0 small and let r k := r 0 2 k . The idea of the proof from [KL18] is to show by induction on k that Q r k lies in N ǫr k (T r k ). In the induction step, one shows that if Q r k lies in N ǫr k (T r k ), then Q r k+1 lies in N ǫr k 2 (T r k+1 ), provided r k ≥ r(ǫ). The induction step actually follows from a seemingly weaker claim about flat distances: there exists a sufficiently small positive constant C such that F (S r , σ r ) ≤ C · r n−1 implies
for r large enough.
Let α r be a minimal filling of the cycle S r − σ r . When the dimension of Q is equal to the rank of X (as in [KL18, Proposition 4.5]), the cycle Q r + α r − T r is "thin" in the sense that it has small filling volume. This is instrumental for the induction argument to work in [KL18] , but unfortunately it fails in our case -if Q is Morse, then Q r + α r − T r might contain large "bubbles", and so we cannot prove (1.11) directly in our setting.
We introduce two new ideas (of independent interest) to handle this difficulty. The first idea is to locate the bubbles and cut them off at small cost. This corresponds to a "Neck Decomposition" (Lemma 5.1). Roughly speaking, an n-chain with boundary on the Morse n-quasiflat can be cut into a piece U close to Q and a piece V further away. The Morseness of Q is used to show that the "neck" ∂V is small in the sense of filling volume.
Applying the neck decomposition with T = α r + T r will induce (by slicing) a neck decomposition σ r 2 = U r 2 + V r 2 where U r 2 is close to S r 2 and V r 2 is further away, possibly containing some "bubbles". Moreover, the neck ∂V r 2 has a small filling, which we denote by ω r 2 . Now it is not hard to show the estimate F (U r 2 + ω r 2 , S r 2 ) ≤ C · ( r 2 ) n−1 as we have removed all bubbles.
In this way we are able to partially recover (1.11) by replacing σ r 2 by
has a good part U r 2 lying in the cone C p (σ) and a bad part ω r 2 possibly outside the cone. Repeating this process leads to the following problem. As each step in the iteration can produce a bad part, there could be an accumulation of bad parts. Then our estimate would only give control the flat distance between S r k and a cycle which no longer lies close to the cone; this will be useless for proving the desired distance estimate.
We resolve this issue by proving an a priori upper bound on the number of times we need to cut off bubbles. If (1.11) already holds, then we do not need to do any surgery to σ r 2 . On the other hand, failure of (1.11) implies the existence of a bubble of definite size. Cutting off this bubble leads to a definite decrease in normalized mass, i.e. by removing the bubble we obtain the cycle σ ′ r 2 and its normalized mass
(r/2) n−1 is a definite amount smaller than the normalized mass of σ r . This yields the desired upper bound.
In this way we can assure that the bad piece can only grow up to a certain size. In the end we are able to arrange that the bad piece is always relatively small compared to the good piece, which is enough to deduce the desired distance estimates. The actual proof is subtle and relies on a slightly adjusted induction scheme. The details are discussed in Section 6.
Preliminaries
2.1. Metric notions. We will denote by E n the n-dimensional Euclidean space with its flat metric and by S n−1 the (n − 1)-dimensional round sphere.
Let X = (X, d) be a metric space. For λ > 0, we denote the rescaled space (X, λ · d) simply by λ · X. We write
for the closed ball and sphere with radius r ≥ 0 and center p ∈ X.
Metric spaces with convex geodesic bicombing.
Definition 2.1 (convex bicombing). By a convex bicombing σ on a metric space X we mean a map σ :
(3) Im(σ pq ) ⊂ Im(σ xy ) whenever x, y ∈ X and p, q ∈ Im(σ xy ).
for every isometry γ of X and for all x, y ∈ X.
Note that in (3), we do not specify the order of p and q with respect to the parameter of σ xy , in particular σ yx (t) = σ xy (1 − t). In the terminology of [DL15] , σ is a reversible and consistent convex geodesic bicombing on X. In Section 10.1 of [Kle99] , metric spaces with such a structure σ are called often convex. This class of spaces includes all CAT(0) spaces, Busemann spaces, geodesic injective metric spaces, as well as (linearly) convex subsets of normed spaces; at the same time, it is closed under various limit and product constructions such as ultralimits, (complete) Gromov-Hausdorff limits, and l p products for
Let X be a complete metric space with a convex bicombing σ. The boundary at infinity of (X, σ) is defined in the usual way, as for CAT(0) spaces, except that only σ-rays are taken into account. Specifically, we let R σ X and R σ 1 X denote the sets of all σ-rays and σ-rays of speed one, respectively, in X. For every pair of rays ρ, ρ ′ ∈ R σ X, the function t → d(ρ(t), ρ ′ (t)) is convex, and ρ and ρ ′ are called asymptotic if this function is bounded. This defines an equivalence relation ∼ on R σ X as well as on R σ 1 X. The boundary at infinity or visual boundary of (X, σ) is the set ∂ ∞ X := R σ 1 X/∼ Given ρ ∈ R σ 1 X and p ∈ X, there is a unique ray ρ p ∈ R σ 1 X asymptotic to ρ with ρ p (0) = p. The set X := X ∪ ∂ ∞ X carries a natural metrizable topology, analogous to the cone topology for CAT(0) spaces. With this topology, X is a compact absolute retract, and ∂ ∞ X is a Z-set in X. See Section 5 in [DL15] for details. For a subset A ⊂ X, the ideal boundary of A, denoted by ∂ ∞ A, is defined as the set of all points in ∂ ∞ X that belong to the closure of A in X. For a point p ∈ X we define the geodesic homotopy
denotes the geodesic cone from p ∈ X over A, and C p (A) denotes its closure in X. Similarly, if Λ ⊂ ∂ ∞ X, then C p (Λ) ⊂ X denotes the union of the traces of the rays emanating from p and representing points of Λ.
The Tits cone of (X, σ) is defined as the set
equipped with the metric given by
.
The Tits boundary of (X, σ) is the unit sphere
This topology is finer than the cone topology on the visual boundary ∂ ∞ X, which agrees with ∂ T X as a set.
For a subset A ⊂ X we define the Tits boundary of A as
2.3. Local currents in proper metric spaces.
We will use the theory of (metric) integral currents throughout. The reader will find an overview of what is needed in [KL18] and [HKS20] while we refer to [AK00] and [Lan11] for a thorough treatment. Here we will only agree on notation.
We denote the space of n-dimensional locally integral currents by I n,loc (X). We write I n,c (X) (resp. I n (X)) for the respective subgroups of integral currents with compact support (resp. with finite mass). The corresponding subgroups of cycles are denoted by Z n,loc (X) and Z n,c (X) (resp. Z n (X)). Let T be a current on a proper metric space X. Then we denote by ∂T its boundary; by T its associated Radon measure; by M(T ) = T (X) its mass and by spt(T ) its support. For a Lipschitz map f : X → Y to another proper metric space, we denote by If ϕ : X → R is an L-Lipschitz function and s is a real number, then T, ϕ, s denotes the slice of T by ϕ at s. We recall the coarea inequality which we will use intensively throughout. For every Borel
Recall that every function w ∈ L 1 loc (R n ) induces a current w defined by
Lemma 2.2 (coning inequality). Let X be a complete metric space with a convex geodesic bicombing. Then every cycle S ∈ Z n−1 (X) possesses for every point p ∈ X a conical filling
Theorem 2.3 (isoperimetric inequality). Let n ≥ 2, and let X be a complete metric space with a convex geodesic bicombing. Then every cycle S ∈ Z n−1 (X) possesses a filling T ∈ I n (X) such that
for a uniform constant c 0 > 0. Moreover, if S has compact support, then we can also require T to have compact support.
The first item is proved in [Wen05] , see the comment after [ 
Note that T is minimizing if and only if T is 1-minimizing. A local current T ∈ I n,loc (X) with X being proper is minimizing, if each compactly supported piece of T is minimizing. We define Λ-minimizing for local currents in a similar way.
For S ∈ Z n (X), we define the filling mass by Fill(S) := inf{M(T ) : T ∈ I n+1 (X), ∂T = S}. Further, we define the flat distance between cycles S, S ′ ∈ Z n (X) by
Theorem 2.4. [KL18, Theorem 2.4] Let n ≥ 1, and let X be a proper metric space with a convex geodesic bicombing. Then for every S ∈ Z n−1,c (X) there exists a filling T ∈ I n,c (X) of S with mass M(T ) = Fill(S). Furthermore, spt(T ) is within distance at most (M(T )/δ 0 ) 1/n from spt(S) for some constant δ 0 > 0 depending only on n.
Lemma 2.5 (density). Let n ≥ 1, let X be a proper metric space with a convex geodesic bicombing. If S ∈ Z n (X) (or Z n,loc (X) when X is proper) is (Λ, a)-quasi-minimizing, and if x ∈ spt(S) and r > 2a, then S (B x (r)) ≥ θ 0 · r n for some constant θ 0 > 0 depending only on n, Λ and the convex geodesic bicombing. This is a special case of [KL18, Lemma 3.3].
Lemma 2.6. [KL18, Lemma 3.4] Let n ≥ 1, let X be a complete metric space with a convex geodesic bicombing. If S ∈ Z n (X) (or S ∈ Z n,loc (X) when X is proper) is (Λ, a)-quasi-minimizing, and if x ∈ spt(S) and r > 4a, then
for some constant θ 1 > 0 depending only on n, the constant θ 0 from Lemma 2.5, and Λ.
Quasiflats in metric spaces
The main goal of this section is to provide some auxiliary results on building chains between cycles in the space and their "projections" on quasiflats.
3.1. Lipschitz quasiflats and quasi-retractions. We recall the following result which allows us to replace quasidiscs with Lipschitz continuous quasidiscs, at least in the presence of a convex geodesic bicombing. It was proven in [LS97, Lemma 1.2] for Hadamard spaces but the proof extends to our setting.
Lemma 3.1. Let X be a metric space with a convex geodesic bicombing and let Φ : B → X be an n-dimensional (L, A)-quasidisc. Then there exist constants L ′ , A ′ depending only on L, A, n and an L ′ -Lipschitz
From now on we will restrict our attention to L-Lipschitz (L, A)quasiflats/quasidiscs. Definition 3.2. Let K ⊂ X be a closed subset. A map π : X → K is called a λ-quasi-retraction if it is λ-Lipschitz and the restriction π| K has displacement ≤ λ. Corollary 3.4. Let X be a length space and let Φ : B → X be an n-dimensional L-Lipschitz (L, A)-quasidisc with image D. Then there exist constants λ 1 and λ 2 which depend only on L, A and n, and a λ 1 -Lipschitz quasiretraction π : X → D such that d(x, π(x)) ≤ λ 2 for any x ∈ D. The map π factors as π = π ′′ • π ′ with a Lipschitz map π ′ : X → R n . Moreover, λ 2 → 0 as A → 0.
Proof. Choose a thickeningX as in Lemma 3.3 and denote byD ⊂X the bilipschitz disc close to D. By McShane's extension lemma we obtain a Lipschitz retraction π ′ :X →D where the Lipschitz constant is controlled by L, A, n. Composing with the natural projection π ′′ : X → X we obtain the required map since D is at distance ≤ L from D.
Lemma 3.5. Suppose X is a metric space with convex geodesic bicombing and base point p. Let Φ : B → X be an n-dimensional L-Lipschitz (L, A)-quasidisc with image D. Then there exist a, θ, Θ depending only on L, A, n and d(p, D) such that the following holds. There exists an element T ∈ I n,loc (X) such that Lemma 3.6. Let X be a metric space with a convex geodesic bicombing and let D ⊂ X an n-dimensional L-Lipschitz (L, A)-quasidisc with λ-Lipschitz quasiretraction π : X → D. Then there exists a constant C > 0 depending only on L, A and k such that the following holds. Let τ ∈ I k (X) and let h : [0, 1]×spt(τ ) → X be the geodesic homotopy from spt(τ ) to π(spt(τ )). Suppose that d(x, π(x)) ≤ ρ for all x ∈ spt(τ ). Then h induces elements H ∈ I k+1 (X) and H ′ ∈ I k (X) such that
Corollary 3.7. Let D, π, λ 1 , λ 2 be as in Corollary 3.4. Let X be a metric space with a convex geodesic bicombing. Then there exists a constant C > 0 depending only on L, A and k such that the following holds. Let τ ∈ I k (X) be such that spt(τ ) ⊂ N ρ (D) with ρ > λ 2 . Then there exist elements H ∈ I k+1 (X) and H ′ ∈ I k (X) with ∂H = τ − π # τ − H ′ and ∂H ′ = ∂τ − π # ∂τ . Moreover,
Proof. By Lemma 3.6, it suffices to show d(x, π(x)) ≤ C · ρ for any
Corollary 3.8. Let D, π, λ 1 , λ 2 be as in Corollary 3.4. Then there exists a constant C > 0 depending only on L, A and n such that the following holds. Let σ ∈ Z n (X) be such that spt
Proof. Corollary 3.7 provides a controlled homology H between σ and π # σ. By Corollary 3.4, π factors as π = π ′′ • π ′ with a Lipschitz map π ′ : X → R n . However, π ′ # σ is a top-dimensional cycle and therefore trivial. It follows that H is a filling of σ as required.
Morse quasiflats and the coarse neck property
In this section we recall the notion of Morse quasiflats from [HKS20] .
Let X be a complete metric space with a convex geodesic bicombing and let F ⊂ X be the image of an L-bilipschitz embedding of a closed convex subset of R n . We begin with a purely topological condition, cf. [HKS20, Definition 6.8].
Definition 4.1 (Full support). We say F has full support, if the map
on reduced singular homology is injective for each q ∈ F \ ∂F .
Definition 4.2 (Morse quasiflat). An n-dimensional quasiflat Q ⊂ X is called Morse, if for any asymptotic cone X ω of X the ultralimit Q ω ⊂ X ω of Q has full support in X ω .
Let C be a collection of n-dimensional quasidiscs or quasiflats with uniform quasi-isometric constants. C is uniformly Morse if for any limit D ω of elements from C in the asymptotic cone X ω has full support. We refer to [HKS20] In the special case n = 1, Definition 4.2 is equivalent to that each point in Q ω is a cut point of X ω . Thus for two points x, y ∈ Q ω and the segment xy in Q ω connecting x and y, any path ω in X ω joining x and y much completely cover xy. This suggests that (up to some technicalities) the following "balloon type" picture that ω has a decomposition into two "pieces", one piece being xy, another piece being the "closure" of the part of ω outside Q ω , which can be roughly thought as a collection of "loops". The place where the two pieces contact can be thought as a "neck" of ω. There is an analogue of this picture in higher dimensional, and a coarse version of this picture in the space rather than in the asymptotic cone. This motivates Definition 4.3 below, which describes the coarse version of "necks" around Q; and Lemma 5.1, which describes the coarse version of "decomposition into two pieces". We refer the reader to the introduction of [HKS20] for a more detailed discussion as well as other characterizations of Morse quasiflats.
Definition 4.3. An n-dimensional quasiflats Q has the coarse neck property (CNP), if there exists a constant C 0 > 0, and for any point p ∈ X and given positive constants ρ and C, there exists R CNP = R CNP (p, ρ, C) such that for any R CNP ≤ R the following holds.
Let τ ∈ I n (B p (CR) \ N ρR (Q)) with σ := ∂τ be such that M(τ ) ≤ C · R n , M(σ) ≤ C · R n−1 and spt(σ) ⊂ N 2ρR (Q).
Then we have
Fill(σ) ≤ C 0 · ρR · M(σ). Note that the definition of CNP depends on the parameter C 0 and the function R CNP .
Similarly we define the coarse neck property for a local integral current T ∈ I n,loc (X) by replacing Q with spt(T ), and replacing R CNP ≤ R by R CNP ≤ R ≤ d(p,spt(∂T )) C (so that B p (CR) is disjoint from ∂T ).
The following is a consequence of [HKS20, Theorem 9.10].
Proposition 4.4. Let X be a proper convex geodesic metric space. Let D be a family of quasidisc/flats in X with uniform quasi-isometric constants. Then D is uniformly Morse if and only each element of D satisfies the coarse neck property for some uniform C 0 and R CNP .
In the situation of this proposition, the pair (C 0 , R CNP ) will be referred to as the Morse data for D.
Neck decomposition
In this section we introduce "neck decompositions" as in Lemma 5.1 which is a key ingredient in the proof of visibility. The following is [HKS20, Lemma 9.2]. We slightly rewrite it for quasidisks for the convenience of reader. 
Proof. Take a small constant h and a large natural number K whose values will be determined later. Let T x,y = T {xR ≤ d D < yR}. By the pigeonhole principle, there exists a natural number k ≤ K such that
Then
Now we apply the coarse neck property to V . For C ′ = max{C, 2 K C Kh } and R ≥ R(ρ, C ′ ) holds
Let ω be a minimal filling of σ and consider the cycle S = U + ω − T ′ . From the triangle inequality and the minimality of ω, we see M(S) ≤ M(T ) + M(T ′ ). We may assume C ≤ hR and therefore spt(T ′ ) ⊂ N hR (D). By (5.2), we then conclude spt(S) ⊂ N Proof. Setǫ = min{θ 1 ( ǫ 2 ) n+1 , δ 0 ( ǫ 2 ) n } and choose R neck for givenǫ, C as in Lemma 5.1. Let ω ∈ I n,c (X) be a minimal filling of σ := −∂V and let W ∈ I n+1,c (X) be a minimal filling of U +ω−τ ′ . Then M(ω) ≤ǫ·R n and M(W ) ≤ǫ · R n+1 by Lemma 5.1. By the lower densitiy bound for minimizers, we have M(ω) ≥ δ 0 · d(x, spt(σ)) n for x ∈ spt(ω), and from Lemma 2.6 we obtain M(W ) ≥ θ 1 · d(y, spt(U + ω)) n+1 for y ∈ spt(W ). By our choice ofǫ we arrive at spt(τ ′ ) ⊂ N ǫ 2 R (spt(U +ω)) and spt(ω) ⊂ N ǫ 2 R (spt(σ)). This concludes the proof since spt(σ) ⊂ spt(U).
Visibility for Morse quasiflats
This section concerns the large scale structure of Morse quasiflats. Under the assumption of convex geodesic bicombings we prove that Morse quasiflats are asymptotically conical. We then turn to boundaries at infinity and show that Morse quasiflats have a well defined Tits boundray which itself is a Morse cycle. At last we prove a rigidity result for Morse quasiflats of Euclidean mass growth. 6.1. Asymptotic conicality. Theorem 6.1 (asymptotic conicality). Let X be a proper metric space with convex geodesic bicombing. Suppose Q ⊂ X is a Morse (L, A)quasiflat, represented by a current T ∈ Z n,loc (X). Let p ∈ X be a base point. Then for any given ǫ > 0, there exists R ac depending only on ǫ, L, A, d(p, Q), X and the Morse data of Q such that for every R ac ≤ r holds
The proof of [KL18, Theorem 8.6] shows that asymptotic conicality is a consequence of the following Theorem 6.2, as the proof of [KL18, Theorem 8.6] is a packing argument which does not depend on the rank assumption in [KL18] . Theorem 6.2 (visibility property). Let X be a proper metric space with convex geodesic bicombing. Suppose Q ⊂ X is a Morse (L, A)quasiflat, represented by a current T ∈ Z n,loc (X). Let p ∈ X be a base point and denote by S r the slices T, d p , r . Then for given ǫ > 0, there exists R vis depending only on ǫ, L, A, d(p, Q), X and the Morse data of Q such that for every R vis ≤ r ≤ R holds spt(T ) ∩ B p (r) ⊂ N ǫr (C p (spt(S R ))).
In the set of this subsection we prove Theorem 6.2. Instead of estimating the Hausdorff distance directly, we first establish an estimate for certain filling distance (cf. Lemma 6.6), and then deduce the desired distance estimate (cf. Corollary 6.7). A key estimate needed in Lemma 6.6 is Lemma 6.5.
Throughout this subsection, we fix a proper metric space X with convex geodesic bicombing and a base point p ∈ X. We also fix Q ⊂ X, an n-dimensional Morse (L, A)-quasiflat. Recall that θ is the lower filling bound for spherical slices of T (cf. Lemma 3.5) and Θ is the upper density of bound of T .
Let T be a current representing Q as in Lemma 3.5. We denote the slice T, d p , r by S r . It is called generic, if S r ∈ I n−1,c (X) and M(S r ) ≤Θ · r n−1 withΘ = 4 · Θ. By the coarea inequality, for every r 0 > 0 there exits a generic slice in the range [ r 0 4 , r 0 2 ]. Lemma 6.3. Let c ≤ θ 2 be given. Suppose that α r ∈ I n−1,c (B p (r)) is a cycle with F (α r , S r ) ≤ c · r n for some r ≥ a. Then M(α r ) ≥ c · r n−1 .
Proof. By the lower filling bound of Lemma 3.5 and our assumption, we have Fill(α r ) ≥ c · r n . The claim follows from the coning inequality.
Let δ 0 be as in Theorem 2.4. The following is a consequence of Theorem 2.4. Lemma 6.4. Suppose that α r ∈ Z n−1,c (X) is a cycle with spt(α r ) ⊂ S p (r). Then there exists a positive constant c 1 = c 1 (δ 0 , r 0 ) such that F (α r , S r ) ≤ c 1 ·r n implies that any minimal filling of α r −S r is supported in X \ B p ( r 2 ) for all r ≥ r 0 .
To be in the range of both preceding lemmas we set
Lemma 6.5. Let 0 < c ≤ c 2 be given. There exists a small positive constant ϑ = ϑ(c), such that for every δ > 0 there exists a large radius R, depending on δ, d(p, Q), Θ, c, X, L, A, n and the CNP parameter of Q such that the following holds for all r 1 ≥ 4 · R.
Let α 1 ∈ Z n−1,c (X) be a cycle supported in S p (r 1 ) and such that
• M(α 1 ) ≤Θ · r n−1 1 ; • F (α 1 , S r 1 ) ≤ c · r n 1 . Set α r = h p, r r 1 # α 1 . Suppose F (α r , S r ) > c·r n for almost all r ∈ [ r 1 4 , r 1 2 ]. Then there exists a generic slice S r 2 with r 2 ∈ [ r 1 4 , r 1 2 ] and a cycle α 2 ∈ Z n−1,c (X) supported in S p (r 2 ) such that
Moreover, α 2 = γ 2 +β 2 where the good part γ 2 is supported in C p (spt(α 1 )) and the bad part β 2 is small, M(β 2 ) ≤ δ · r n−1 2 . Proof. Set ϑ = c 2 . We will choose R large enough such that Lemma 5.1 applies for appropriate choices of ǫ and C. We set C =Θ + c and choose ǫ < min{ c 2 n+5 , δ 2 n+3 }. Now we choose R = R(ǫ, C) where R is provided by Lemma 5.1.
Let τ ∈ I n,c (X \ B p ( r 1 2 )) be a filling of α 1 − S r 1 with M(τ ) ≤ c · r n 1 (cf. Lemma 6.4). We apply Lemma 5.1 to the chain C p (α 1 ) + τ to produce a coarse piece decomposition C p (α 1 ) + τ = U + V where U denotes the piece supported close to Q. Recall that Lemma 5.1 provides a filling ω ∈ I n,c (X) of ∂V with mass < ǫ · r n 1 and a filling W of U + ω − (T B p (r 1 )) with mass < ǫ · r n+1 1 .
We will now slice U, V, W and ω in the range [ r 1 4 , r 1 2 ] with respect to d(·, p) to obtain controlled slices U r , V r , W r and ω r . Note that since spt(τ ) ⊂ S p (r 1 ), we have the piece decomposition α r = U r + V r ; we know that U r + ω r and V r − ω r are cycles; and we see that W r is a filling of U r + ω r − S r .
We define α 2 := U r + ω r , where U r corresponds to the good part γ 2 and ω r corresponds to the bad part β 2 in the statement of the lemma.
By the coarea inequality we can choose r ∈ [ r 1 4 , r 1 2 ] such that M(ω r ) ≤ 2 n+2 · ǫ · r n−1 and M(W r ) ≤ 2 n+3 · ǫ · r n .
By our choice of ǫ, this implies M(W r ) ≤ δ · r n and we conclude F (α 2 , S r ) ≤ M(W r ) ≤ δ · r n as required.
Note that U r is supported in C p (spt(α 1 )). Again, by our choice of ǫ, we see M(ω r ) ≤ δ · r n−1 . Hence α 2 has the desired good/bad decomposition.
Using the triangle inequality and the coning inequality, we estimate
By assumption F (α r , S r ) > c · r n and we conclude
The second step uses the piece decomposition α r = U r + V r . We complete the proof by choosing r 2 = r.
Lemma 6.6. Let c and δ be given such that 0 < δ ≤ c ≤ c 2 . Then there exists a large radius R, depending on δ, d(p, Q), Θ, c, X, L, A, n and the CNP parameter of Q such that the following holds.
For any generic cycle S r 0 with r 0 > R we find a a cycle α r ∈ Z n−1,c (X) with spt(α r ) ⊂ S p (r) and r ∈ [R, 4R] such that (1) F (α r , S r ) ≤ c · r n ; in particular, any minimal filling of α r − S r is carried by X \ B p ( r 2 ); (2) α r can be written as a sum of a good part and a bad part, α r = γ r + β r ; (3) the good part γ r is nontrivial and satisfies 0 < M(γ r ) ≤Θ · r n−1 and spt(γ r ) ⊂ C p (spt(S r 0 )); (4) the bad part β r is small, M(β r ) ≤ δ · r n−1 .
Proof. Set δ ′ = δθ Θ−c where ϑ = c 2 as before and choose R = R(δ ′ ) as in Lemma 6.5.
We inductively define a sequence of cycles α k supported in S p (r k ) with r k ∈ [ r 0 4 k , r 0 2 k ] such that each cycle α k has the required properties on its own scale.
We set α 0 = S r 0 . To define α k+1 we distinguish two cases. Case 2. Negation of Case 1. Now we apply Lemma 6.5 to obtain α k+1 from α k . Lemma 6.5 also provides a good/bad decomposition
where N is the number of times Case 2 previously occured. We claim that N is uniformly bounded. Indeed, by Lemma 6.3, we know that M(α k+1 ) ≥ c · r n−1 k+1 . On the other hand, by Lemma 6.5, M(α k+1 ) ≤ (Θ − Nϑ) · r n−1 k+1 which provides the upper bound N ≤Θ −c ϑ . By our choice of δ ′ we get N · δ ′ ≤ δ and therefore the required mass bound for the bad part β k+1 .
Finally we set α r = α l where l is maximal such that r l ≥ R. This concludes the proof. Corollary 6.7. For given ǫ > 0, there exists R 0 depending only on ǫ, L, A, d(p, Q), X and the Morse data of Q such that the following holds for any r ≥ R 0 . If r 0 ≥ 4r and S r 0 is a generic slice, then spt(T ) ∩ B p (r) ⊂ N ǫr (C p (spt(S r 0 ))).
Proof. We choose δ and c small enough, such that δ < ( ǫ 2 ) n · δ 0 and (c + c 0 · (2δ) n n−1 ) ≤ c 1 (δ 0 , 1) where c 1 is the constant from Lemma 6.4. Then we choose R(c, δ) as in Lemma 6.6. Set By Lemma 6.6, we find a cycle α r ∈ Z n−1,c (X) supported in S p (r) with r ∈ [R, 4R]. It decomposes as α r = γ r + β r such that F (α r , S r ) ≤ c · r n , spt(γ r ) ⊂ C p (spt(S r 0 )) and M(β r ) ≤ δ · r n−1 .
Let us choose a minimal filling ω r of ∂β r . Then M(ω r ) ≤ δ · r n−1 by minimality and F (β r , ω r ) ≤ c 0 · (2δ) n n−1 · r n by the isoperimetric inequality. Since spt(ω r ) ⊂ N δ 1 r (spt(∂β r )) with δ 1 = ( δ δ 0 ) 1 n < ǫ 2 , we see C p (spt(γ r + ω r )) ∩ B p (r) ⊂ N ǫ 2 r (C p (spt(γ r ))) by convexity. So it is enough to show spt(T B p (r)) ⊂ N ǫ 2 r (C p (spt(γ r + ω r ))). From the triangle inequality we obtain F (S r , γ r + ω r ) ≤ (c + c 0 · (2δ) n n−1 ) · r n . By our choice of c and δ, any minimal filling τ r of S r − γ r −ω r will be carried in X\B p ( r 2 ). We consider the chain C p (γ r +ω r )+τ r with boundary S r . It comes with mass control M(C p (γ r + ω r ) + τ r ) ≤ (Θ + δ + c + c 0 · (2δ) n n−1 ) · r n ≤ C · r n . Hence Corollary 5.4 implies spt(T B p (r)) ⊂ N ǫ 2 r (C p (spt(γ r + ω r ))).
6.2. The Tits boundary of a Morse quasiflat. We refer to Section 2.2 for the definition of Tits cone and Tits boundary for a metric space with convex geodesic bicombing.
Definition 6.8. A quasiflat Q ⊂ X is pointed Morse if for any asymptotic cone X ω of X with fixed base point, the inclusion Q ω → X ω induces injective maps on local homology at each point in Q ω .
If we allow the onset radius in Lemma 5.1, Lemma 6.6, Corollary 6.7 and Theorem 6.1 to depend on p instead of just d(p, Q), then these results continue to hold for pointed Morse quasiflats with the same proofs.
Lemma 6.9. Let Q ⊂ X be a pointed Morse quasiflat. Then its ideal boundary and its Tits boundary agree, ∂ T Q = ∂ ∞ Q.
Proof. Suppose that (x k ) is a sequence in Q such that the geodesic segements ρ k from p to x k converge to a geodesic ray ρ. By asymptotic conicality (Theorem 6.1), for given ǫ > 0 there exists R ac > 0 such that d(x ′ k , Q) < ǫ · R ac where x ′ k denotes the point on ρ k at distance R ac from p. Since (x ′ k ) converges to the point on ρ at distance R ac from p, we deduce the claim. Proposition 6.10. Let Q be an L-Lipschitz (L, A) pointed Morse quasiflat represented by T ∈ Z n,loc (X). Then T has a unique tangent cone at infinity. Namely, for any base point p ∈ X the rescalings h p,λ# T converge with respect to local flat topology to a current T p,0 ∈ Z n,loc (X) with the following properties.
(1) T p,0 is conical with respect to p, h p,λ# T p,0 = T p,0 ;
(2) M(T p,0 B r (p)) ≤ Θ · r n for r ≥ 0;
(3) there exists a function δ : [0, ∞) → [0, ∞) depending only on Q, p and X with lim r→∞ δ(r) r = 0 and such that for all R ≥ r holds
If Q is a Morse quasiflat, then we can strengthen (3) such that δ depends on d(p, Q) rather than p.
Proof. The upper density bound of T implies via compactness ([KL18, Theorem 2.3]) that h p,λ# T subconverges in the local flat topology to a current T p,0 ∈ Z n,loc (X). By Corollary 3.7 and Theorem 6.1, we find for every ǫ > 0 a radius R 0 such that for all
and a constant C depending only on L, n and X. Hence for all λ, λ ′ < r 0 R 0 we obtain
Hence h p,λ# T actually converges to T p,0 as λ → 0. Since h p,λ • h p,λ ′ = h p,λλ ′ holds, we see that T p,0 is conical, hence (1). Lower semicontinuity of mass with respect to weak convergence yields (2), the claim on the upper density bound of T p,0 . (4) follows from (3) and Lemma 6.9. We turn to (3). For every λ ∈ (0, 1) we have spt(h p,λ# T ) ⊂ h p,λ (spt(T )) ⊂ C p (spt(T )). Hence spt(T p,0 ) ⊂ C p (spt(T )). On the other hand, by Theorem 6.1, Corollary 3.7 and Corollary 5.4, we find for every ǫ > 0 an R > 0 such that spt T ∩ B p (r) ⊂ N ǫr (spt(T p,0 )) for all r ≥ R. Together this shows (3). 
Proof. As T p,0 is conical with respect to p, we have spt(T p,0 ) ⊂ C p (∂ T Q) by [KL18, Lemma 7.2] and Lemma 6.9. But C p (∂ T Q) ⊂ C p (spt(T )) and the claim follows from Theorem 6.1 and Proposition 6.10 (3).
Theorem 6.12. Suppose X is a proper metric space with convex geodesic bicombing. Let Q 1 and Q 2 be two Morse quasiflats in X. Suppose (1) the Euclidean cone over ∂ T Q is bilipschitz homeomorphic to E n (here ∂ T Q is given the induced metric from ∂ T X);
This generalizes the fact that pointed Morse quasi-geodesics give rise to isolated points in the Tits boundary.
Proof. Let (X ω , p ω ) be an asymptotic cone of X with fixed base point p ∈ X and denote by Q ω ⊂ X ω the ultralimit of Q. Let C T (X) be the Tits cone of X with cone point o and let i : C T (X) → X ω be the canonical isometric embedding as in [Kle99, Lemma 10 .6] such that i(o) = p ω . The map i sends C o (∂ T Q) to the cone C pω (∂ T Q) ⊂ X ω . Corollary 6.11 implies C pω (∂ T Q) = Q ω . Thus C pω (∂ T Q) is bilipschitz to E n and (1) holds. Since Q is Morse,
is injective for each q ∈ C pω (∂ T Q). Hence we deduce the injectivity of
for each for each q ∈ C o (∂ T Q). Now (2) follows from the Künneth formula (cf. [Dol12, pp. 190 , Proposition 2.6]). Consider the following commuting diagram there is a commutative diagram
where the two downward arrows are isomorphisms. Besides treating ∂ T Q as the homological support set of some class, ∂ T Q can be alternatively interpreted as the support set of some integral current as follows.
For a current T ∈ I n,loc (X) we define its density at infinity by Θ ∞ (T ) = lim sup r→∞ T (B p (r)) r n .
Corollary 6.15. There exists a cycle σ ∈ Z n−1,c (∂ T X) with M(σ) = n · Θ ∞ (T p,0 ) and spt(σ) = ∂ T Q.
Proof. It follows from Theorem 6.1, that ∂ T Q ⊂ ∂ T X is compact. By Proposition 6.10, T p,0 is conical and [KL18, Theorem 9.3] provides a cycle σ ∈ Z n−1,c (∂ T X) with M(σ) = n · Θ ∞ (T p,0 ) and spt(σ) = ∂ ∞ Q (again, [KL18, Theorem 9.3] does not depend on the rank assumption in [KL18] , see the paragraph in [KL18] before [KL18, Theorem 9.3]). Lemma 6.9 completes the proof.
Remark 6.16. Proposition 6.14 (3) and Corollary 6.15 are compatible in the sense that by the proof of Proposition 6.14, the class in Proposition 6.14 (3) can be represented by a Lipschitz cycle with its image contained in ∂ T Q. Then the integral current associated with this Lipschitz cycle is σ in Corollary 6.15.
Remark 6.17. It is natural to ask whether ∂ T Q is homeomorphic, or bilipschitz to the standard sphere. This is not a direct consequence of Proposition 6.14 (1). By [SS79] , if ∂ T Q is bilipschitz to a piecewise Euclidean simplicial complex, then ∂ T Q is homeomorphic to a sphere. This holds, e.g. when X is a CAT(0) cube complex [Hua] .
Morse quasiflats of Euclidean growth in CAT(0) spaces
The following can be shown similarly to [Hua17b, Lemma A.11].
Lemma 7.1 (geodesic extension property). Let Y be a CAT(0) space and P ⊂ Y a bilipschitz flat of full support. Then every geodesic segment ρ : [0, 1] → Y with ρ(1) ∈ P extends to a geodesic raŷ ρ : [0, ∞) → Y withρ([1, ∞)) ⊂ P .
We denote by H n the n-dimensional Hausdorff measure. For a subset A ⊂ X of a metric space X we define its n-dimensional Hausdorff volume growth as Θ n (A) = lim sup r→∞ H n (A∩Bp(r)) r n . Hence Θ n (E n ) = ω n , the volume of the unit ball in E n .
Lemma 7.2. Let Z be a CAT(0) space which is bilipschitz to E n . Suppose that its volume growth is at most Euclidean, Θ n (Z) ≤ ω n . Then Z is isometric to E n .
Proof. It is enough to show that ∂ T Z is a round sphere. After possibly passing to an asymptotic cone, we may assume that Z itself is a Euclidean cone over ∂ T Z with tip o. Since Z is bilipschitz to E n , the link Σ p Z is isometric to a round (n−1)-sphere for almost all points p. Since Z is a Euclidean cone, all but possibly the tip has round (n−1)-spheres as links. For every point p ∈ Z we obtain a map f p : Σ p Z → ∂ T Z which is distance nondecreasing by choosing a geodesic ray for each direction. From the Euclidean growth assumption and the CAT(0) property, it follows that the image of f p has full H n−1 -measure in ∂ T Z. Since Z is a Euclidean cone bilipschitz to E n , the H n−1 -measure of a ball in ∂ T Z is positive. Therefore, the image of f p is actually dense. Now we show that each point in ∂ T Z has a unique antipode. Consider a geodesic ray ρ with ρ(0) = o and [ρ] = ξ ∈ ∂ T Z. Set p k = ρ(k) and f k = f p k . Take an ultralimit of the f k to obtain a distance nondecreasing map f ∞ : S n−1 → ∂ T Z. The image of f ∞ is complete and therefore f ∞ is onto. Note that for ζ ∈ ∂ T Z holds lim k→∞ ∠ p k (ξ, ζ) = ∠ T (ξ, ζ) where ∠ T denotes the Tits angle. Hence, if (ζ k ) is a sequence in ∂ T Z with ω lim k→∞ ζ k = ζ, then ω lim k→∞ ∠ p k (ξ, ζ k ) = ∠ T (ξ, ζ). This shows that f ∞ sends the north pole to ξ and preserves the distance to the north pole. Therefore ξ has a unique antipode, the image of the south pole.
As a consequence, any two lines in Z which are one-sided asymptotic are actually parallel. This shows that Z splits isometrically as Z ∼ = l × l ⊥ for every line l ⊂ Z. Hence Z is isometric to E n . Lemma 7.3. Let Y be a CAT(0) space and P ⊂ Y an n-bilipschitz flat of full support. Suppose that the volume growth of P is at most Euclidean, Θ n (P ) ≤ ω n . Then P is a flat in Y .
Proof. Since P is a bilipschitz flat, it has links Σ p P ⊂ Σ p Y which are round (n−1)-spheres at almost all points. From the geodesic extension property, we see that for every v ∈ Σ p P there exists a geodesic ray ρ withρ(0) = v and which lies entirely in P . The Euclidean growth assumption and the CAT(0) property imply H n (P ∩ B p (r)) ≡ ω n r n and that every point in P ∩ B p (r) can be joined to p by a geodesic lying in P . In particular, P is convex and the claim follows from Lemma 7.2.
Theorem 7.4. Let X be a proper CAT(0) space. Let Q ⊂ X be an n-dimensional Morse quasiflat represented by a current T ∈ Z n,loc (X). Suppose that the density at infinity of T is at most Euclidean, Θ ∞ (T ) ≤ ω n . Then there exists an n-flat F ⊂ X such that d H (Q, F ) < C where C depends only on L, A, n, X and the Morse data of Q.
Proof. By Proposition 6.10, we see Θ ∞ (T p,0 ) ≤ Θ ∞ (T ). Hence Corollary 6.15 provides a cycle σ ∈ Z n−1,c (∂ T X) with M(σ) ≤ H n−1 (S n−1 ) and spt(σ) = ∂ T Q. In particular, H n−1 (∂ T Q) ≤ H n−1 (S n−1 ).
Let Q ω be an ultralimit of Q in an asymptotic cone X ω of X. By Theorem 6.1, Q ω is isometric to a Euclidean cone over ∂ T Q. From the Morse property, we know that Q ω is a bilipschitz flat of full support, and by the above estimate, Q ω has at most Euclidean volume growth in X ω . Lemma 7.3 implies that Q ω is a flat. Hence ∂ T Q is isometric to a round (n − 1)-sphere. From Proposition 6.14 we know that ∂ T Q does not bound a hemissphere in ∂ T X. Hence [Lee00, Proposition 2.1] implies that there is an n-flat F ⊂ X with ∂ T F = ∂ T Q. It follows from [HKS20, Proposition 10.4 and Theorem 9.5] that Q is at uniformly finite Hausdorff distance from F .
